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Abstract 

The calculation of the partial widths of the Z boson in the effective scheme is 
discussed. Simple formulae for s\v? O^^J^ Myv, and in the on-shell, MS, and 
effective renormalization schemes are presented. Their domain of validity extends 

(5) 

to low Mh values probed by current experiments, and to the range of Aa^ results 
from recent calculations. Physical applications of these formulae are illustrated. 
A comparative analysis of the above mentioned schemes is presented. The paper 
includes a discussion of the discrepancy of the sin^ values derived from the 
leptonic and hadronic sectors and of the shortcomings of theoretical error estimates 
of sin^ based solely on those affecting My^. 



^ e-mail : andrea. ferroglia@physics . nyu . edu 
^ e-mail : giovanni . ossola@physics . nyu . edu 
•^e-mail: passera@pd.infn.it 
^e-mail: alberto.sirlin@nyu.edu 



1 



1 Introduction 



The on-shell and MS formulations P,^J^J^,0] are two of the most fre- 
quently employed schemes of renormalization in the evaluation of electroweak 
corrections. The on-shell approach (OS) is very "physical", as it identifies 
the renormalized parameters with observable, scale-independent constants, 
such as a. My/ and Mz- On the other hand, MS calculations exhibit very 
good convergence properties. In fact, they follow closely the structure of 
the unrenormalized theory and, for this reason, avoid large finite corrections 
that are frequently induced by renormalization. They also involve inher- 
ently scale-dependent parameters, such as a (yu) and sin^ 6w (/i), which play 
a crucial role in the analysis of grand-unification. 

Recently, a novel approach, the effective scheme of renormalization (EFF), 
has been proposed [^,0 . It shares the good convergence properties of the MS 
formulation but, at the same time, eliminates the residual scale dependence 
induced, in finite orders, by the truncation of the perturbative series. Like 
the OS approach, it identifies the renormalized parameters with observable, 
scale-independent constants, such as a, sl^j = siia^ 9^^jp and Mz- Thus, in 
the OS, MS, and EFF schemes, the basic electroweak mixing parameter is 
identified with sin^ 9w = ^ — M^/M'^, sin^ 9]v (/i), and s^jj-, respectively. 
It has been shown that the incorporation of the (9(a^Mj?/M^) contributions 
|]TD[ greatly reduces the scheme and scale dependence of the radiative cor- 



rections in the theoretical evaluation of s^jj and Mw, as well as the upper 
bound on Mh [0,0. In these papers the calculations were carried out in 
two different implementations of the on-shell scheme of renormalization, de- 
noted as OSI and OSII, as well as in the MS framework. Comparison of 
the three calculations led to an analysis of the scheme dependence and, by 
inference, to an estimate of the theoretical error due to the truncation of the 
perturbative series. Ref. |T3] extended these studies to the analysis of the 



partial leptonic widths F/ of the Z boson. In turn, Refs. [g,^ discussed the 
results of the Sgjj and Mw calculations in the EFF scheme. 

One of the objectives of this paper is to present simple analytic formulae 
for the precisely measured parameters s^^j-, My/, and F^ in the four schemes 
{MS, OSI, OSII, EFF), as functions of Mh and important inputs such as 
Mt, Aa|f^(M^), and as{Mz), and to illustrate their usefulness in physical 
applications. Expressions of this type have been discussed before in the 



framework of the OS and MS schemes [|T2],0|. In the present paper we 
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extend the range of validity of the formulae to lower values of probed by 
recent measurements, and include the corresponding expressions in the EFF 
scheme. 

The plan of the paper is the following: Section 2 outlines the theoretical 
derivation of F/ in the EFF scheme, which has not been discussed in the 
literature. Section 3 presents simple formulae for s^jj, Mw, and F; in the four 
schemes and shows how to apply them in order to obtain information about 
Mh and to predict My/- A discussion of the discrepancy of the s^jj values 
derived from the leptonic and hadronic sectors is included. Section 4 presents 
a comparative analysis of the results in the four schemes and a discussion of 
the theoretical errors associated with the sljf and calculations. 



2 Leptonic Partial Widths of the Z boson in 
the EFF scheme 

Theoretical calculations of the partial widths of the Z boson into leptons 
and the m, d, s, c quark channels that incorporate the corrections of order 
O {g'^iMf/MlrT) (n = 1, 2) have been carried out in Ref. [|l3l in the frame- 
work of the MS, OSI, and OSII schemes. In particular, simple analytic 
formulae for the leptonic partial widths F; have been presented in the same 
work. 

In this Section we extend the analysis of F; to the EFF scheme. As in 
Refs. P, |TI1|T3| we retain complete one-loop corrections and two-loop effects 
enhanced by factors (M^^/M^)" [n = 1,2) or involving the product of one- 
loop imaginary parts. In the latter case, the rationale is that such products 
are quite sizable, relative to typical 0(5'^) contributions, since imaginary 
parts involve several additive terms. 

It is convenient to start with the MS expression P,p!3|: 

where and = 1 — are abbreviations for the MS parameters e^(/i) and 
sin^ 9w (/^), respectively, Qi is the charge of the final lepton, mi is its mass, 
and ki{fi) and stand for appropriate electroweak form factors. QED 

corrections are included by appending an overall factor of 1 + 3a/47r. An 
expression analogous to Eq. is valid for the four lightest quarks provided 
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a color factor A^^^ = 3 is appended and Qiki is replaced by Qfkf {f=u-c). 
In this case, one-loop QCD corrections are included by inserting a factor 
1 + as{Mz)/4:TT. These expressions are conventionally evaluated at /i = Mz 
but, in principle, they may be studied over a range of /x- values since the 
truncation of the perturbative series induces, in general, a residual scale 
dependence. 

As in Ref . |§] , we attempt to express Eq. (P in terms of scale-independent 
constants such as G^, Mz, and Sg^j. Recalling the basic relation 



Sgjj = s Re ki 



(2) 



we note that, through terms of 0{g'^), the expression between curly brackets 
in Eq. (|1|) becomes 



l-^Qi\s'Reki + SQis''\ki\' = l-A\Qi\si^j + SQislff^ + {ImhY^ . (3) 
In the case of the four lightest quarks {f = u — c) , Eq. @ is replaced by 



1 - 4\Qf\s'Re kf + 8Q}s^\kf\' = 1 - A\Qf\siff 1 + Re{Akf - Ak 

+ SQjs^fj \l + 2 Re{Akf - Ak) + (Im kff 



(4) 



Next, we turn our attention to the overall coupling (e^/s^c^) and the correc- 
tion factor fjf = 1 + {e^ /s'^)Afjf in Eq. (|I|). It is convenient to split the latter 
into one- and two-loop contributions: 



(5) 



The amplitudes {e^/s^)ATf-p and [e^/s^YAfi^p involve the field renormali- 
zation of the Z boson and appropriate vertex contributions and have been 
studied in Ref. and Ref. |]T3|, respectively^. 

In order to express (e^/s^c^) in terms of G^Mf, we employ 



8^M^ ( 1 



r/ 



(6) 



^In Ref. il, 1 + (eVs2)A?7}^' is denoted as JfJ. 
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which follows from Eq. (^) of Ref. [rT|. The amplitude {e^ /s^)f involves the 
H^-boson self-energy, as well as vertex and box contributions to muon decay, 
and is discussed in that work. Recalling the relations pi], H 



Ml 



cos=^ e 



w 



& l-(eVs2)Ap' 
the overall coupling may be expressed in the form: 



(7) 
(8) 



'v/2 (l-(eVs2)Ap) 



(9) 



In analogy with Eq. (|^), it is convenient to split (e^/s^)A/3 and (e^/s^)/ 
into one and two-loop contributions. Noting that Afj^^^ and f^'^^ do not 
contain contributions of O ((M|/M^)") (n = 1, 2), and expanding in powers 
of G^M|, we find 



A U + Ac' 



Ap 



(1) 



-J- X2 4 



Ap(2) + Afiy - f 



(2) 



f(2) 



+ 



(A/3);ead ( 2A/)(i) - {Ap)i,ad + Afjf - 2^^) 



(10) 



where 



and 



A = 



(A/3) 



3 



lead 



647r2 M^, 



:i2) 



is the leading contribution to Ap^^\ Since (Ap)^^^^ does not involve s', and 
Afj^^^ and Z^^-* do not contain terms proportional to /M^r, we replace 
s' — > Sgjj everywhere in Eq. (pUj). In fact, the difference is a two-loop level 

effect not enhanced by powers of M^/M^. The functions Ap(^), Arif, /(^) 
{i = 1, 2) still depend on both c^jj- and c^. Furthermore, the one-loop cor- 
rection in Eq. ([To|) is proportional to c'. As explained in Ref. 0, in order 
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to ensure the complete cancellation of the scale dependence, it is impor- 
tant to express the results in terms of a unique version of the electroweak 
mixing angle. In order to achieve this objective, we employ the strategy 
explained in Ref. P]: i) we replace everywhere by M|c^; ii) in the two- 
loop contributions we substitute ^effy since the induced difference is of 
third order; iii) in the one loop expressions we perform a Taylor expansion 
about = Cgjj, using the one-loop expression for — c^j^j (cf. Eqs. (9,10) 
of Ref. 0). In practice, it is advantageous to evaluate the corresponding 
derivative numerically, rather than analytically. 
Furthermore, since 

2. . 3 

is independent of and the remaining one- loop contributions in Eq. (p!0D, 
namely 

are not enhanced by (M^^/M^)" {n = 1, 2), it suffices to replace c^—cljj- by its 
leading contribution cl^fXt {xt = 3G^Mj?/v^ Svr^). Substituting Eq. (|^) and 
the result derived from Eq. (|T^) into Eq. (|ip, we obtain the final expression 
for F; in the EFF scheme. 

3 Simple formulae for sin^ ^e//' cind Ti 

In this Section we present simple analytic formulae for Sg r,, M]v, and F; that 



reproduce accurately the results of the calculations reported in Refs. g,|TT],|T3[ , 
and Section 2 of the present paper, over the range 20 GeV < < 300 GeV. 
We have extended considerably the lower bound of the range since current 
Mw measurements, by themselves, favor low values of Mh- 
The formulae are of the form 

slff = (s^jj)o + ciAi + + C2A2 - C3A3 + C4A4, (13) 
Mw = - diA^ - d^Al - d2A2 + dsAs - d^A^, (14) 
Ti = - giAi- g^Al- g2A2 + gsAs- g^A^, (15) 



where 



Ai = In (Mh/100 GeV) , A2 = AafVO-02761 



1 



A3 = (Mi/174.3 GeV)^ - 1 , A^ = [a,(M2)/0.118] - 1 . (16) 
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We employ the input parameters IHJT^JT^ 



Mz = 91.1875 GeV , a = 1/137.03599976 , 

Gf, = 1.16637 X 10"^ GeV"^ , Aajf^ = 0.02761 ± 0.00036 , 

= 174.3 ±5.1 GeV, a, (M^) = 0.118 ± 0.002 , (17) 

and include QCD corrections in the /x^ = m {fit) approach explained in Refs. 
||TT| , |17| . In contrast with the expressions for s^^j given in Ref. |jl2|, we note 
that Eq. (p!3D contains a term quadratic in Ai, a modification we have in- 
troduced in order to extend the accuracy of the formula to low values. 



Eqs. (0, |T3|, |T^) incorporate complete one-loop corrections, as well as two- 
loop contributions proportional to (M^^/M^)" (n = 1,2), studied in Refs. 
|TD|,|n],|T3|,|TB[ , and Section 2 of the present paper. 

Tables ||, ||, and |^ present the constants (Sgjj)^ M^r, r°, q, di, gi 
(i = 1 — 5) in the MS , OSI, OSII, and EFF schemes. In particular, OSII is 
strictly independent of the electroweak scale, a property that it shares with 
the EFF scheme. Over the range 20 GeV < Mh < 300 GeV, and varying 
the input parameters within la, these formulae reproduce the calculations 
from the detailed codes with maximum absolute deviations ~ 10~^ in s^yj, 
^ 0.8 MeV in Mw, and ^ 7 KeV in F;. 

Although we have employed Aajj^"* = 0.02761 ± 0.00036 in the de- 



termination of (Se//)o! r°, Cj, di, gi {i = 1 — 5), we recall that recent 

calculations of this important quantity range from 0.027426 ± 0.000190 |1^ 



to 0.027896 ± 0.000395 [20|. For this reason, we have examined the validity 



of Eqs. ( ]T3| , |T^, |T5D, with the coefficients given in Tables 1^, 0, and |^, over 
the large range 0.0272 < Aajf'' < 0.0283 that encompasses the recent cal- 
culations. We find that the simple formulae still reproduce the results from 
the detailed codes with maximum absolute deviations that are very close to 
those reported above. 

It is worthwhile to note that the current experimental uncertainty in 
G^M| (±0.0047%) induces tree-level errors of 1.6 x 10"^ in s^^f, 0.78 MeV 
in M]Y, and 4 KeV in F^, which are of the same magnitude as the deviations 
discussed above. Thus, the accuracy within which Eqs. ([13], |I^ |15]) reproduce 
the calculations of the detailed codes employed in Refs. [^,|rT],|T3[ and of the 
present paper, is sufficient at present. 

As a first application, we employ Eq. (|13D in the EFF scheme to obtain the 
value of Mfj derived from the current world average {s1ff)exp = 0.23149 ± 
0.00017. Noting that x = C\Ax ± CsA^ is normally distributed, we obtain 
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X = (1.07 ±2.67) X 10-^ X < 5.46 x 10"^ at the 95 % confidence level, which 
leads to 

Mh = 124l| GeV; M^^ = 280 GeV, (18) 

where Mfj stands for the 95 % CL upper bound. 

We may also determine Mh using the experimental value of Mw in con- 
junction with Eq. (\r^ . The current average of the pp - collider and LEP2 
measurements is {M]y)exp = 80.451 ± 0.033 GeV |T^. Inserting this value 



in Eq. (0) and calling y = diAi + d^Af, we obtain in the EPF scheme 
y = -0.0648 ± 0.0470, y < 0.0117 at 95 % CL , which corresponds to 

Mh = 23l:tl GeV ; M^^ = 122 GeV . (19) 

The results given in Eqs. (|TB|,[T^) have been confirmed on the basis of a 
X^-analysis based on the simple formulae. The central values of Mh have 
also been verified using the detailed codes. 

In summary, for current experimental inputs, M\y leads to significantly 
lower values of Mh than those derived from s^jj . This divergence can be also 
illustrated by using the Ai value derived from s^jj- = 0.23149 ± 0.00017 and 
Eq. ([T3|) , to predict Mw via Eq. (|l^. Taking into account the correlation of 
errors in Eqs. (|TB|, |T^, one finds 

iMw).r.d^r. = (§0.374 ± 0.025) GeV , (20) 

which differs from (Mi4/)exp. by 1.86 cr. It is worth noting that the indirect 
determination derived by using sljrj (Eq. (pOD) is quite close to the cor- 
responding value {M]y)indir. = 80.379 ± 0.023 GeV obtained in the global 
analysis |li|. 



It is also very interesting to obtain Mh using simultaneously the exper- 
imental values of Sg^j, Mw, and Ti. Employing {s1jf)exp and {Mw)exp, and 
the current world average (r/)exp = 83.984 ± 0.086 MeV, a analysis based 
on the simple formulae in the EPF scheme leads to 

Mh = 97tll GeV ; M^^ = 223 GeV . (21) 

This result is of course dominated by the s^jj and Mw data, and may be 
compared with Mf^ = 196 GeV in the global fit . The difference is partly 



due to the fact that (Mj) fu turns out to be somewhat smaller in the global 
analysis than in our case. 
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based on the leptonic observables {Ai{SLD), Ai{Pr), ^jj,''^) lead to (s^ 
0.23113 ±0.00021 while those derived from the hadronic sector {A^fj^''\ A^'^^ 



We remind the reader that the current determination of {sljrj)exp shows a 
X^/d.o.f. = 10.6/5, which corresponds to a confidence level of only 6%. Fur- 
thermore, the experimental results exhibit an intriguing dichotomy. Those 

if/)) lead to (sl^f), 

,{0,b) .{0, 

< Qfb >) have an average {slff)h = 0.23220 ± 0.00029. The results within 
each group agree well with each other but the averages of the two sectors 
differ by about 3.0o"! 

Using Eq. ([T3|) in the EFF scheme, we find that {s1ff)i leads to 

Mh = 59tlg GeV ; M^^ = 158 GeV , (22) 

a result significantly closer to that derived from {Mw)exp (Eq- (HID)! The 
intriguing question remains of whether the difference between {s1jj)i and 
{,s1jf)h reflects a statistical fluctuation or is due to new physics involving 
perhaps the third generation of quarks. In the case of a statistical fluctuation, 
a possible method of dealing with the discrepancy is to enlarge the error, as 
discussed in Ref. [1T2| , |21|| . For instance, if the Sg^j uncertainty is increased by 



a factor [x^/d.o.f.]^/^ according to the PDG prescription [^], we would have 



slff = 0.23149 ± 0.00025 which, using Eq. in the EFF scheme leads to 
Mh = 124;^°^ GeV ; Mf = 331 GeV , (23) 

and 

Mh = 76ttY GeV ; Mf = 201 GeV , (24) 

in the combined s^jj-M^y-Ti analysis. We note that the enlarged error leads 
to an increase of Mfj from 280 GeV (Eq. (|l^)) to 331 GeV if we only employed 
slff as an input, and to a decrease from 223 GeV (Eq. (|21|)) to 201 GeV in the 
combined s^j^j-Mw-^i fit. The latter result may be understood as follows: the 
increasing error in s^jj changes the shape of the x^{Mh) curve and shifts the 
position of its minimum to a smaller Mh value. In our case the combination of 
these two effects leads to a decrease in Mf . Although this scaling method is 
not generally employed in current analysis of the electroweak data, it provides 
a more conservative estimate of s^jj. It is very interesting to note that 
it has a small effect in the determination of Mf , particularly in analyses 
that combine the Sg^^ and M\y data, and that it leads in such a case to a 
decrease in Mf ! If the discrepancy is due to new physics involving the third 
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generation of quarks PB| , pi| , P3| the analysis shows that a substantial, tree- 
level change in the right-handed Zbb coupling is required. Very recently, it 
has also been argued that, if the {,s1ff)h and {,s1ff)i discrepancy were to settle 
on the leptonic side, a "new physics" scenario involving light sneutrinos and 
gauginos would substantially improve the agreement with the electroweak 



data and the direct lower bound on Mh 26 



4 Comparative analysis of the OS, MS^ and 
EFF renormalization schemes 

As mentioned in the introduction, because of the truncation of the perturba- 
tive series, the MS calculations have a residual scale dependence, while the 
EFF scheme is strictly scale independent. This is illustrated in Fig. 1, which 
compares, in the case Mh = 100 GeV, the scale dependence of in the MS 
scheme with the scale-independent value in the EFF scheme. We note that 
the latter coincides, to very good approximation, with the maximum of the 
MS curve, which occurs at /i ~ 75 GeV, a scale somewhat smaller than Mz- 
Nonetheless, the difference between the EFF value and the MS calculation 
at /X = Mz is very small. 

Tables |, |^, H, present the value of Sg^j, Mw, and F^, as functions of 
Mh, in the four schemes discussed in the paper. They have been obtained 
using the detailed numerical codes employed in Refs. p,|Tl],|13[ and the present 
paper, the central values of the input parameters in Eq. ([TtD , and /i = Mz 



in the case of the MS and OSI schemes. We have kept six significant figures 
to show more precisely the differences between the various schemes. 

It is interesting to note that, in contrast with s^^j and M\Yi F; is not a 
monotonic function of Mh- Indeed, it shows a maximum at Mh ~ 52 GeV. 

Examination of Table ^ shows that the maximum difference for s^j^ 
among the four schemes amounts to 3.7 x 10~^ and occurs between OSII 
and EFF at Mh = 200, 250, 300 GeV. For Mw, the maximum difference 
is 2.4 MeV and occurs between WS and OSI at Mh = 20 GeV. Finally, 
for F;, the maximum difference is 3.3 KeV and occurs between OSI and 
OSII at Mh = 300 GeV. These differences are quite similar to those en- 
countered in Ref. P,|lll for the s^jj- and Mw calculations over the range 



65 GeV < Mh < 600 GeV. They illustrate the scheme dependence of current 
calculations and provide a first estimate of the theoretical error due to the 
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truncation of the perturbative series. Taking into account further uncertain- 
ties associated with the QCD corrections [p!2| , p7| , the theoretical errors may 
be enlarged to fti 6 x 10~^ in s^fj- and ^ 7MeV in Mw 

In the case of Mw, an alternative comparison has been made between 
OSII, with an Mj-implementation of QCD corrections and important 



recent calculations that include all O(a^) contributions to Ar that contain 
a fermionic loop |2^. The latter incorporate not only the terms of order 
C(a^(M^^/M^)") (n = 1,2), but also a subset of C(a^) diagrams not en- 
hanced by powers of Mf/My^. Over the range 65 GeV < Mh < 600 GeV, 
Ref. reported a monotonically decreasing difference between OSII and 
the more complete calculations, amounting to ~ 5 MeV at = 100 GeV 
when the two-loop leptonic contributions to Aa are included in both calcu- 
lations. A glance at Table |^ tells us then that the difference between the 



other schemes and Ref. is somewhat larger, reaching ^ 7 MeV for MS 
at Mh = 100 GeV. 

Since the more complete calculations have not been implemented so far 
in the case of s^^j- and Ti, similar estimates of the theoretical error for these 



important amplitudes are not yet available. It has been argued [^] that 
the Mw difference between OSII and the more complete calculations may be 
used to provide an estimate of the theoretical error in the evaluation of Sg^j, 
via the OS relation 

slff = (1 + Ak) , (25) 

where = sin^ 9w = 1 — M^/M^ and 1 + A A; is the relevant electroweak 
form factor. In this approach, the uncertainty in Mw, and therefore in s^, 
is translated into an estimate of the error in the calculation of Sg^-y. In our 
view, such arguments may well be misleading since important corrections 
involving 



^2 



X = —Re 



s2 



M^ Ml 



(26) 



where Aww and Azz are the W and Z self-energies, contribute with opposite 
signs to Ak and Ar ||l]|. As a consequence, an additional contribution 5X to 
X leads to 5s^ = -[s^c^/{^ - s^)]5X, but only dsl^f = -[s^l{c^ - s^)]5X\ 
Thus, Ak induces a suppression factor /(? in this important class of con- 
tributions to Sgjj. The fact that the theoretical uncertainty in s^^j cannot 
be simply related to the error in the evaluation of Mw may also be under- 

^2 



stood by recalling salient features of the MS calculation of s^jj. In the MS 
context, (1 + A/c) in Eq. (P3|) is replaced by (1 + AA;) s^, an expression that 
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does not explicitly involve at the three level! This feature is even more 
striking in the EFF calculation of s^jj, where M]y completely decouples 0. 
It is also worth noting that, in the MS calculation of Sg^j, the dependence 
on X does not involve the enhancement factor (? j . One readily finds that 
an additional correction bX contributes ~ — [^^/(c^ — s^)] bX to (1 + A/c)s^, 
a result analogous to that found in the OS framework! 



5 Conclusions 

In Section 2, we have discussed the calculation of the leptonic partial width 
Yi of the Z boson in the effective scheme of renormalization. The exten- 
sion to the case of the four lightest quarks involves simple modifications, 
outlined in the text. Our starting point has been the corresponding expres- 



sions in the MS approach 113]. Both formulations include the corrections 



of O {g^{M^ /M^Y) {n = 1,2). A salient feature of the calculations in the 
effective scheme is that, in contrast with their MS counterparts, they are 
strictly scale independent in finite orders of perturbation theory. This is il- 
lustrated in Fig. 1 which depicts, for M^ = 100 GeV, the scale dependence 
of current calculations of F; in the MS approach and its comparison with 
the effective scheme result. 

In Section 3, we have presented very simple formulae for sin^ 6^^^^*, Mw, 

(5) 

and F;, as functions of Mh and important input parameters such as Aa)^ , 
Mt, and as (Mz)- A novel feature of these formulae is that their range 
of validity has been extended to low Mh values probed by current exper- 
iments. Furthermore, they retain their accuracy over the range of Aaf ) 
values spanned by recent calculations of this important amplitude. 

We have illustrated the usefulness of these formulae by extracting Mh and 
its 95% CL upper bound Mf^ employing separately, as inputs, the current 
experimental averages {s1ff)exp and {Mw)exp, as well as the combination 
of {sljrj)exp, {Mw)exp, and {Ti)exp- We have also employed the formulae to 
predict Mw using {s1jj)exp as an input. The result of this prediction turns 
out to be quite close to that currently derived using the global analysis of all 
the available electroweak data. 

We have also discussed the well-known discrepancy between {sljj-)i and 
{sljj-)h, and some of its possible implications for new physics. On the other 
hand, assuming that the difference is due to statistical fluctuations, we have 
also considered the effect of enlarging the error according to the well-known 
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PDG prescription. Surprisingly, we have found that such a procedure de- 
creases Mf^ by a small amount in analyses that combine Sg^j and as 
inputs. 

In Section 4, we have compared the calculations of sin^ ^e//' ^w, and 
Ti in the EFF, MS, OSI, and OSII schemes, over the range 20 GeV < 
Mh < 300 GeV. We have found maximal differences of 3.7 x 10^^ in sin^ ^e//' 
2.4 MeV in Mw and 3.3 KeV in F;. Taking into account uncertainties in the 
QCD corrections |p!2| , p7| , the theoretical errors may be enlarged to ~ 6 x 10~^ 
in Sgjj and ~ 7 MeV in Mw- In the case of Mw, an alternative comparison 
can be made with important recent calculations that include all 0{a^) con- 
tributions to Ar that contain a fermionic loop [^]. This reveals differences 
~ 7 MeV at Mh = 100 GeV with the four schemes discussed in this paper. 

Finally, we have discussed the theoretical shortcomings of estimates of 
the theoretical error in sin^ ^^^^ derived solely from the uncertainty of Mw 
in the OS scheme. 



Acknowledgments 

The authors are greatly indebted to G. Degrassi and P. Gambino for very 
valuable communications. This research was supported in part by the NSF 
grant PHY-0070787. M.P. acknowledges partial support from the European 
Program HPRN-CT-2000-00149. 



References 

[1] A. Sirlin, Phys. Rev. D22 (1980) 971 and Phys. Rev. D29 (1984) 89; 
W. J. Marciano and A. Sirlin, Phys. Rev. D22 (1980) 2695. 

[2] K. Aoki et al.. Prog. Theor. Phys. Suppl. 73 (1982) 1; M. Bohm, 
H. Spiesberger, and W. Hollik, Fortsh. Phys. 34 (1986) 687; W. Hollik, 



ihd. 38 (1990) 165; E. Kraus, Annals Phys. 262 (1998) 155 ||arXiv:hep 
th/9709154|| ; P. A. Grassi, Nucl. Phys. B560 (1999) 499 ||arXiv:hep- 
th/9908188|] . 



[3] A. Sirhn, Phys. Lett. B232 (1989) 123. 

[4] S. Fanchiotti and A. Sirlin, Phys. Rev. D41 (1990) 319. 



13 



[5] 
[6] 
[7] 



G. Degrassi, S. Fanchiotti, and A. Sirlin, Nucl. Phys. B351 (1991) 49. 
G. Degrassi and A. Sirlin, Nucl. Phys. B352 (1991) 342. 



P. Gambino and A. Sirlin, Phys. Rev. D 49 (1994) 1160 ||arXiv:hep- 
ph/9309326|| . 



A. Ferroglia, G. Ossola, and A. Sirlin, Phys. Lett. B507 (2001) 147 
||arXiv:hep-ph/0103001| . 



[9] 
[10] 

[11] 
[12] 

[13] 



A. Ferroglia, G. Ossola, and A. Sirlin, |arXiv:hep-ph / 106094j . 

G. Degrassi, P. Gambino, and A. Vicini, Phys. Lett. B383 (1996) 219 
||arXiv:hep-ph/9603374| . 



G. Degrassi, P. Gambino, and A. Sirlin, Phys. Lett. B394 (1997) 188 
||arXiv:hep-ph/961 13631 . 



G. Degrassi, P. Gambino, M. Passera and A. Sirlin, Phys. Lett. B418 
(1998) 209 ||arXiv:hep-ph/9708311 |. 



G. Degrassi and P. Gambino, Nucl. Phys. B567 (2000) 3 ||arXiv:hep 
ph/9905472| 



[14] 

[15] 

[16] 
[17] 

[18] 



The LEP Electroweak Working Group, EP Preprint Winter 2002 - in 
preparation (http : / /lepewwg . web . cern . ch/LEPEWWG/) . 

A. Ferroglia, G. Ossola and A. Sirlin, Nucl. Phys. B 560 (1999) 23 
||arXiv:hep-ph/9905442|| . 

H. Burkhardt and B. Pietrzyk, LAPP-EXP-2001-03. 

S. Fanchiotti, B. Kniehl, and A. Sirlin, Phys. Rev. D48 (1993) 307 
|^rXiv:hep-ph/92l2285|| . 



R. Barbieri, M. Beccaria, P. Ciafaloni, G. Curci and A. Vicere, Phys. 
Lett. B 288 (1992) 95 [|arXiv:hep-ph/9205238|| and Nucl. Phys. B 409 
(1993) 105; J. Fleischer, O. V. Tarasov and F. Jegerlehner, Phys. Lett. 
B 319 (1993) 249; G. Degrassi, S. Fanchiotti and P. Gambino, Int. J. 
Mod. Phys. A 10 (1995) 1377 ||arXiv:hep-ph/940325q . 



[19] 



A. D. Martin, J. Outhwaite, and M. G. Ryskin, Eur. Phys. J. C 19 
(2001) 681 ||arXiv:hep-ph/0012231 |. 



14 



[20] F. Jegerlehner, |arXiv:hep-ph/UlU43U4 



[21] A. Gurtu, Phys. Lett. B385 (1996) 415. 

[22] Particle Data Group, Review of Particle Physics, Phys. Rev. D54 
(1996) 1. 



[23] W. J. Marciano, |arXiv:hep-ph/9902332| and Phys. Rev. D60 (1999) 
093006 ||arXiv:hep-ph/ 990345 111 . 



[24] M. S. Chanowitz, |arXiv:hep-ph/9905478 



[25] A. Sirlin, in Proc. of the 19th Intl. Symp. on Photon and Lepton Inter- 
actions at High Energy LP99 ed. J. A. Jaros and M.E. Peskin, Int. J. 
Mod. Phys. A15S1 (2000) 398 [eConf C990809 (2000) 398] ||arXiv:hep- 

I ph/9912"227| . 

[26] G. Altarelli, F. Caravaglios, G. F. Giudice, P. Gambino, and G. Ridolfi, 
JHEP 0106 (2001) 018 ||arXiv:hep-ph/0106029| . 



[27] K. Philippides and A. Sirlin, Nucl. Phys. B450 (1995) 3 ||arXiv:hep- 
I ph/9503"43l . 

[28] A. Freitas, W. Hollik, W. Walter, and G. Weiglein, 
|arXiv:hep-ph/0202l3T . 



15 



84 . 03 



84 . 02 



>^ 84 . 01 



84 
83.99 
83. 98 



25 50 75 100 125 150 175 

II [GeV] 



200 



Figure 1: Scale dependence of F; in the MS (dashed hne) and EFF (sohd 
hne) schemes for Mh = 100 GeV. 



Table 1: Values of the constants appearing in Eq. (|T^). 



Scheme 




10^ ci 


103 C2 


103 C3 


10^ C4 


10^05 


MS 


0.231392 


4.908 


9.69 


2.77 


4.5 


3.43 


OSI 


0.231405 


4.877 


9.69 


2.76 


4.5 


3.34 


OSII 


0.231417 


4.999 


9.69 


2.69 


4.4 


3.37 


EFF 


0.231383 


4.948 


9.69 


2.78 


4.5 


3.50 
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Table 2: Values of the constants appearing in Eq. (p!^, in GeV. 



Scheme 




lO^c/i 


lOc/2 


10 4 


10^ di 


10^ 4 


MS 


80.3868 


5.719 


5.07 


5.42 


8.5 


8.98 


OSI 


80.3849 


5.667 


5.08 


5.40 


8.5 


8.85 


OSII 


80.3847 


5.738 


5.08 


5.37 


8.5 


8.92 


EFF 


80.3862 


5.730 


5.08 


5.42 


8.5 


8.98 
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Table 3: Values of the constants appearing in Eq. (|T5|), in MeV. 



Scheme 




10^ 


10(72 


10^73 


10(74 


10^^75 


MS 


84.0164 


4.439 


4.77 


8.03 


1.13 


3.670 


OSI 


84.0174 


4.472 


4.76 


8.04 


1.13 


3.673 


OSII 


84.0152 


4.568 


4.76 


8.01 


1.12 


3.683 


EFF 


84.0176 


4.549 


4.77 


8.05 


1.13 


3.696 
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Table 4: Values for Sg^j in the four renormalization schemes considered in 
the paper. They have been calculated using the central values of the input 
parameters in Eq. 



Ivl j-[ I VJC V 1 


EFF 








on 


U./oUDoD 


u./ouoyy 




U./oU I Id 


OU 


n OQ1 nc;i 
U.zoiUOi 


U.zoiUoz 


U./oiUoU 


U./C)iU ( ( 


100 


0.231385 


0.231393 


0.231418 


0.231406 


150 


0.231593 


0.231599 


0.231628 


0.231611 


200 


0.231744 


0.231749 


0.231781 


0.231760 


250 


0.231864 


0.231868 


0.231901 


0.231878 


300 


0.231964 


0.231967 


0.232001 


0.231976 
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Table 5: Values for Mw (in GeV) in the four renormalization schemes con- 
sidered in the paper (calculated as in Table 4). 



Mh (GeV) 


EFF 


MS 


OSII 


OSI 


20 


80.4550 


80.4555 


80.4539 


80.4531 


50 


80.4219 


80.4224 


80.4206 


80.4202 


100 


80.3863 


80.3869 


80.3849 


80.3850 


150 


80.3614 


80.3621 


80.3600 


80.3604 


200 


80.3421 


80.3428 


80.3406 


80.3413 


250 


80.3263 


80.3270 


80.3248 


80.3256 


300 


80.3129 


80.3135 


80.3114 


80.3124 



20 



Table 6: Values for F; (in MeV) in the four renormalization schemes consid- 
ered in the paper (calculated as in Table 4). 



Mh (GeV) 


EFF 


MS 


OSII 


OSI 


20 


83.9896 


83.9873 


83.9878 


83.9887 


50 


84.0353 


84.0335 


84.0330 


84.0346 


100 


84.0167 


84.0155 


84.0143 


84.0165 


150 


83.9907 


83.9900 


83.9882 


83.9908 


200 


83.9667 


83.9664 


83.9643 


83.9672 


250 


83.9457 


83.9457 


83.9432 


83.9463 


300 


83.9271 


83.9274 


83.9247 


83.9280 
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